
• Mututally Exclusive - 𝐴 ∩ 𝐵 = ∅
• (𝐴 ∩ 𝐵)′ = (𝐴′ ∪ 𝐵′)
• Multiplication - R experiments performed sequentially.

Then 𝑛𝑖 ⋅ … ⋅ 𝑛𝑟 possible outcomes for 𝑟 experiments
• Addition - 𝑒 can be performed 𝑘 ways, and 𝑘 ways do not

overlap : total ways: 𝑛1 +…+ 𝑛𝑘
• Permutation - Arrangement of 𝑟 objects out of 𝑛,
ordered. 𝑃𝑛

𝑟 = 𝑛!
(𝑛−𝑟)! , 𝑃

𝑛
𝑛 = 𝑛!

• Combination - Selection of 𝑟 objects out of 𝑛, unordered
(𝑛
𝑟) = 𝑛!

𝑟!(𝑛−𝑟)! , (
𝑛
𝑟) × 𝑃 𝑟

𝑟 = 𝑃𝑛
𝑟

Probability
• Axioms:

1. 0 ≤ 𝑃(𝐴) ≤ 1
2. 𝑃(𝑆) = 1

• Propositions:
1. 𝑃(∅) = 0
2. 𝐴1…𝐴𝑛 are mutually exclusive,𝑃(𝐴1 ∪… ∪ 𝐴𝑛) =

𝑃(𝐴1) + …+ 𝑃(𝐴𝑛)
3. 𝑃(𝐴′) = 1 − 𝑃(𝐴)
4. 𝑃(𝐴) = 𝑃(𝐴 ∩ 𝐵) + 𝑃(𝐴 ∩ 𝐵′)
5. 𝑃(𝐴 ∪ 𝐵) = 𝑃(𝐴) + 𝑃(𝐵) − 𝑃(𝐴 ∩ 𝐵)
6. If 𝐴 ⊂ 𝐵,𝑃(𝐴) ≤ 𝑃(𝐵)

Conditional Probability
• 𝑃(𝐵|𝐴) is probability of 𝐵 given that 𝐴 has occured
• 𝑃(𝐵|𝐴) = 𝑃(𝐴∩𝐵)

𝑃(𝐴) , 𝑃 (𝐴 ∩ 𝐵) = 𝑃(𝐵|𝐴)𝑃(𝐴)
• 𝑃(𝐴|𝐵) = 𝑃(𝐴)𝑃(𝐵|𝐴)

𝑃(𝐵)
• 𝑃(𝐴 ∩ 𝐵 ∩ 𝐶) = 𝑃(𝐴)𝑃(𝐵|𝐴)𝑃(𝐶|𝐵 ∩ 𝐴)
• Independent - 𝑃(𝐴 ∩ 𝐵) = 𝑃(𝐴)𝑃(𝐵),𝐴 ⟂ 𝐵

‣ If 𝑃(𝐴) ≠ 0,𝐴 ⟂ 𝐵 ↔ 𝑃(𝐵|𝐴) = 𝑃(𝐵) (Knowledge
of 𝐴 does not change 𝐵)

• Partition - 𝐴𝑖…𝐴𝑛 is mutually exclusive and ⋃𝑛
𝑖 = 1𝐴𝑖 =

𝑆,𝐴𝑖…𝐴𝑛 is partition of S
‣ 𝑃(𝐵) = ∑𝑛

𝑖=1 𝑃(𝐵 ∩ 𝐴𝑖) = ∑𝑛
𝑖=1 𝑃(𝐴𝑖)𝑃 (𝐵|𝐴𝑖)

‣ 𝑛 = 2, 𝑃 (𝐵) = 𝑃(𝐴)𝑃(𝐵|𝐴) + 𝑃(𝐴′)𝑃 (𝐵|𝐴′)
• Bayes Theorem - 𝑃(𝐴𝑘|𝐵) = 𝑃(𝐴𝑘)𝑃(𝐵|𝐴𝑘)

∑𝑛
𝑖=1 𝑃(𝐴𝑖)𝑃(𝐵|𝐴𝑖)

‣ 𝑛 = 2, 𝑃 (𝐴|𝐵) = 𝑃(𝐴)𝑃(𝐵|𝐴)
𝑃(𝐴)𝑃(𝐵|𝐴)+𝑃(𝐴′)𝑃(𝐵|𝐴′)

Random Variables
• PMF of 𝑋 − 𝑓(𝑥) = {𝑃(𝑋=𝑥) if 𝑥∈𝑅𝑋

0 otherwise

• Properties (must satisfy)
1. 𝑓(𝑥𝑖) ≥ 0, 𝑥𝑖 ∈ 𝑅𝑋
2. 𝑓(𝑥𝑖) = 0, 𝑥𝑖 ∉ 𝑅𝑋
3. ∑∞

𝑖=1 𝑓(𝑥𝑖) = 1

• PDF of 𝑋 is function that satisfies the following
1. 𝑓(𝑥) ≥ 0, 𝑥 ∈ 𝑅𝑋 and 𝑓(𝑥) = 0, 𝑥 ∉ 𝑅𝑋
2. ∫

𝑅𝑋
𝑓(𝑥) d𝑥 = 1

3. 𝑎 ≤ 𝑏, 𝑃 (𝑎 ≤ 𝑋 ≤ 𝑏) = ∫𝑏
𝑎
𝑓(𝑥) d𝑥

‣ To validate, check (1) and (2)

• CDF (Discrete) - 𝐹(𝑋) = 𝑃(𝑋 ≤ 𝑥)

‣ 𝑃(𝑎 ≤ 𝑋 ≤ 𝑏) = 𝑃(𝑋 ≤ 𝑏) − 𝑃(𝑋 < 𝑎) = 𝐹(𝑏) −
𝐹(𝑎 −), 𝑎 − (is largest value in 𝑅𝑋 smaller than 𝑎)

• CDF(Continuous) - 𝐹(𝑋) = ∫𝑥
−∞

𝑓(𝑡) d𝑡, 𝑓(𝑥) = d
d𝑡𝐹(𝑥)

‣ 𝑃(𝑎 ≤ 𝑋 ≤ 𝑏) = 𝐹(𝑏) − 𝐹(𝑎)
‣ 𝐹(𝑥) is non-decreasing.
‣ PDF/PMF and CDF have 1 to 1 correspondence.
‣ Ranges of 𝐹(𝑥) and 𝑓(𝑥) satisfy:

– 0 ≤ 𝐹(𝑋) ≤ 1
– for discrete: 0 ≤ 𝑓(𝑋) ≤ 1
– for continuous: 𝑓(𝑥) ≥ 0, not necessary 𝑓(𝑥) ≤ 1

• Expectation(Discrete): 𝐸(𝑋) = 𝜇𝑋 = ∑𝑥𝑖∈𝑅𝑋
𝑥𝑖𝑓(𝑥𝑖)

• Expectation(Continuous): 𝐸(𝑋) = 𝜇𝑋 = ∫∞
−∞

𝑥𝑖𝑓(𝑥𝑖)
1. 𝐸(𝑎𝑋 + 𝑏) = 𝑎𝐸(𝑋) + 𝑏
2. 𝐸(𝑋 + 𝑌 ) = 𝐸(𝑋) + 𝐸(𝑌 )
3. Let 𝑔(⋅) be arbitrary function.

‣ 𝐸[𝑔(𝑋)] = ∑𝑔(𝑥)𝑓(𝑥)
‣ example - 𝐸(𝑋2) = ∑𝑥2𝑓(𝑥)
‣ 𝐸[𝑔(𝑋)] = ∫

𝑅𝑋
𝑔(𝑥)𝑓(𝑥)

• Variance - 𝜎2
𝑥 = 𝑉 (𝑋) = 𝐸(𝑋 − 𝜇)2

‣ Discrete - 𝑉 (𝑋) = ∑(𝑥 − 𝜇𝑥)
2𝑓(𝑥)

‣ Continuous - 𝑉 (𝑋) = ∫∞
−∞

(𝑥 − 𝜇𝑥)
2𝑓(𝑥)

‣ Properties
1. 𝑉 (𝑎𝑋 + 𝑏) = 𝑎2𝑉 (𝑋)
2. 𝑉 (𝑋) = 𝐸(𝑋2) − 𝐸(𝑋)2
3. Standard Deviation = 𝜎𝑥 = √𝑉 (𝑋)

Joint Distribution
• Discrete - 𝑓𝑋,𝑌 (𝑥, 𝑦) = 𝑃(𝑋 = 𝑥, 𝑌 = 𝑦)

1. 𝑓(𝑋, 𝑌 )(𝑥, 𝑦) ≥ 0, (𝑥, 𝑦) ∈ 𝑅𝑋,𝑌
2. 𝑓(𝑋, 𝑌 )(𝑥, 𝑦) = 0, (𝑥, 𝑦) ∉ 𝑅𝑋,𝑌
3. ∑∞

𝑖=1 ∑
∞
𝑗=1(𝑥𝑖, 𝑦𝑖) = 1

• Continuous - 𝑃((𝑋, 𝑌 ) ∈ 𝐷) = ∬
(𝑥,𝑦)∈𝐷

𝑓(𝑥, 𝑦) d𝑦 d𝑥
‣ 𝑃(𝑎 ≤ 𝑋 ≤ 𝑏, 𝑐 ≤ 𝑌 ≤ 𝑑) = ∫𝑏

𝑎
∫𝑑
𝑐
𝑓(𝑥, 𝑦) d𝑦 d𝑥

1. 𝑓𝑋,𝑌 (𝑥, 𝑦) ≥ 0, for any (𝑥, 𝑦) ∈ 𝑅𝑋,𝑌
2. 𝑓𝑋,𝑌 (𝑥, 𝑦) = 0, for any (𝑥, 𝑦) ∉ 𝑅𝑋,𝑌
3. ∫∞

−∞
∫∞
−∞

𝑓𝑋,𝑌 (𝑥, 𝑦) d𝑥 d𝑦 = 1

• Marginal Probability Distribution
‣ Discrete - 𝑓𝑋(𝑥) = ∑𝑦 𝑓𝑋,𝑌 (𝑥, 𝑦)
‣ Continuous - 𝑓𝑋(𝑥) = ∫∞

−∞
𝑓𝑋,𝑌 (𝑥, 𝑦) d𝑦

• Conditional Distribution - 𝑓𝑌 |𝑋(𝑦|𝑥) = 𝑓𝑋,𝑌 (𝑥,𝑦)
𝑓𝑋(𝑥)

‣ If 𝑓𝑋(𝑥) > 0, 𝑓𝑋,𝑌 (𝑥, 𝑦) = 𝑓𝑋(𝑥)𝑓𝑌 |𝑋(𝑦|𝑥)
‣ 𝑃(𝑌 ≤ 𝑦 | 𝑋 = 𝑥) = ∫𝑦

−∞
𝑓𝑌 |𝑋(𝑦|𝑥) d𝑦

‣ 𝐸(𝑌 | 𝑋 = 𝑥) = ∫∞
−∞

𝑦𝑓𝑌 |𝑋(𝑦|𝑥) d𝑦
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