Mututally Exclusive - AN B =)

« Union- AUB={z:2€ AVz € B}

« Intersection- ANB={z:z€ ANz € B}
+ Complement- A" ={z: 2 € SNz ¢ A}

« (ANnB)Y =(A"UB)

« Multiplication - R experiments performed
sequentially. Then n; - ... - n,. possible

outcomes for  experiments

» Addition - e can be performed k ways, and &k
ways do not overlap : total ways: n; + ... +
L

+ Permutation - Arrangement of r objects out
of n, ordered. B = Pt =

(n r)l?
« Combination - Selection of r objects out of
n! (n) x PT = P"
T T

n, unordered (2) = =yl \r

Probability

« Axioms:
1.0<PA) <1
2. P(S)=1

« Propositions:

L. P@)=0

2. A,...A, are mutually exclusive, P(4; U
~UA,)=PA)+..+P(A)
P(A')=1—-P(A)
P(A)=P(ANB)+P(ANB)
P(AUB)=P(A)+ P(B)—-P(ANB)
IfAC B,P(A) < P(B)

R S

Conditional Probability
« P(B|A) is probability of B given that A has
occured

+ P(Bl4) = “g

P(A)
« P(ANB) = P(B|A)P(A)

- P(A|B) = B4 754

- P(ANBNC) = P(A)P(B|A)P(C|BN A)

+ Independent - P(AN B) = P(A)P(B),A L
B
» f P(A) #0,A L B+ P(B|A) = P(B)
(Knowledge of A does not change B)

« Independence vs Mutually exclusive -

» P(A)>0ANP(B)>0,A1B=
not mutually exclusive

« Partition - A,...A,, is mutually exclusive and
U =1A, =S5, A,...A, is partition of S
- P(B )=, P(BN4;) =
Y., P(A)P(B|A;)
» n=2P(B)=P(A)P(B|A) +
P(A")P(B|A")
+ Bayes Theorem - P(A;|B) =

P(A,)P(B|A,)
ST, P(A,)P(B|A;)

- B P(A)P(BA)
* n=2,P(A|B) = 5aypmA+ P47 FEA)

Random Variables

« Notations:
r{X=z}={seS: X(s)=z)€e S
» {XeAl={seS:X(s)eA)e

Probability Distributions
« PMF(Discrete) of X — f(x) = {P(X @) if o€y

0 otherwise

Properties (must satisfy)
1. f(z;) >0,z € Ry
2. f( z)_07x1¢RX
3. Zzl flz) =1
+ PDF(Continuous) of X is function that satisfies
the following
1. f(z) >0,z € Ry and f(z) =0,z ¢ Ry
2. f f )ydz =1
3. a<b Pla<X<b)= fuf(m)dx
» To validate, check (1) and (2)
+ CDF (Discrete) - F(X) = P(X < z)
» P@a<X<b)=PX<b)—PX<
a) = F(b) — F(a —),a — (is largest value
in Ry smaller than a)
+ CDF(Continuous) - F(X) = ffoo f(t)dt
> flo) = §F(2)
» Pla< X <b)=F(b)— F(a)
» F(z) is non-decreasing.
» PDF/PMF and CDF have 1 to 1
correspondence.

v

Ranges of F(z) and f(z) satisfy:
S 0<F(X)<1

- for discrete: 0 < f(X) <1

- for continuous: f(z) > 0, not necessary

fl@) <1

Expectation
« Expectation(Discrete):

E(X)=ux= ) f(z)

T, €ERx

i

« Expectation(Continuous):

E(X)=px = /OO x; f(2;)

« Properties
1. E(aX+b)=aE(X)+b
2. E(X+Y)=E(X)+E(Y)
3. Let g(-) be arbitrary function.

© o El(X)] =) g@)f(x)

Elg(X)] = z)f(x
l9(X)] /RX“’( )/ (@)
» example - E(X?) =Y 22 f(z)

« Variance -

02 =V(X)=E(X —up)?=E(X?) - EX)?

x

» Discrete - V(X) =" (z — Mz)2f(x)
» Continuous - V(X) = ffooo (z— Mz)2f(x)
» Properties

1. V(aX +b) = a®’V(X)

2. V(X) = B(X?) — B(X)?

3. Standard Deviation = 0, = 1/V(X)

Joint Probability Function
« Discrete

fX,Y(‘rvy) = P(X = ‘T7Y = y)

» Properties
L f(X,Y)(z,y) 2 0,(z,y) € Ry y
2. f(X,Y)(2,y) = 0,(z,y) & Rxy
3. 21-:1 Zj=1( T, y;) =1

« Continuous

P((X,Y) € D)= //

f(z,y)dydz

» Pa< X <bec<Y <d)=
IS e y) dyde
« Properties
1. fxy(z,y) >0, forany (z,y) € Rx y
2. fX,Y(xay) =0, for any (z,y) ¢ RX,Y
3. ffooo ffooo fxy(x,y)dedy =1

Marginal Probability Distribution
* Discrete - fx(z) =3 fx,y(z,9)
f f xv(z,y)dy

« Conditional Distribution -

fyix(ylz) = fxfii((j)y)

+ Continuous - fy(z

» If fx(x) >0, fx y(2,y) =

fx(m)fy\x(y‘l')
» PY<y|X=2)= fio fY\X(y‘m) dy

» BY | X=2)= [7_yfyx(yle)dy
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